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Abstract 



We construct a mutually catalytic branching process on a countable site space with infinite "branching 
rate" . The finite rate mutually catalytic model, in which the rate of branching of one population at a site 
is proportional to the mass of the other population at that site, was introduced by Dawson and Perkins 
in |DP98j . We show that our model is the limit for a class of models and in particular for the Dawson- 
Perkins model as the rate of branching goes to infinity. Our process is characterized as the unique solution 
to a martingale problem. We also give a characterization of the process as a weak solution of an infinite 
system of stochastic integral equations driven by a Poisson noise. 
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1 Introduction and main results 



1.1 Background and Motivation 



In [DP 98J Dawson and Perkins considered the following mutually catalytic model: 




(1.1) 



Here S is a countable set that is thought of as the site space. (In fact, Dawson and Perkins made the explicit 
choice S = ~L d .) The matrix A is defined by 



where a is a symmetric transition matrix of a Markov chain on S. Finally (Wj(fc), k G S, i = 1, 2) is an 
independent family of one-dimensional Brownian motions. Dawson and Perkins studied the long-time behavior 
of this model and also constructed the analogous model in the continuous setting on K instead of S. One can 
think of 7 as being the branching rate for this model. 

In this paper we study (under weaker assumptions on the matrix A) a model that formally corresponds to the 
case 7 = oo. This infinite rate mutually catalytic branching process can be characterized by a certain martingale 
problem. In this paper we show that this martingale problem is well posed and its solution X is the unique 
solution of a system of stochastic differential equations driven by a certain Poisson noise. In fact, we construct 
the solution via approximate solutions of this system of SDEs. Furthermore, we show that X is the limit of the 
Dawson-Perkins processes as 7 — > oo. 

This is the second part in a series of three papers. In the first part [KM08] . we studied the infinite rate mutually 
catalytic branching process in the case where S is a singleton. In [KM09 we investigate the longtime behaviour 
for the case where S is countable. There we establish a dichotomy between segregation and coexistence of types 
depending on the potential properties of the migration mechanism A. 

An alternative construction of the infinite rate mutually catalytic branching process via a Trotter type approx- 
imation scheme can be found [Oel08^ and |KO09j . 

1.2 The main results 

We have to introduce some notation. Let A — (A(k, l))k,ies be a matrix on S satisfying the following assump- 
tions: 



A(k,l) 



a(k,l) - l{k=i}, 



A(k, I) > for 



k ^ I 



(1.2) 



and 




(1.3) 



Let 



E 



[0,oo) 2 \(0, 




(1.4) 



For u, v 



G [0, 00) s define 




fees 



Similarly, for x £ ([0,oo) 2 ) s and C € [0,oo) s define 



(x,C) = $>(fc)C(fc) 



G [0,C50] 2 . 



2 



By Lemma IX. 1.6 of Lig85] , there exists a /? G (0, oo) s and an M > 1 such that 

5^ /3(A) < oo, (1.5) 
fees 

^2P(l)(\A(k,l)\ + \A{l,k)\) < M/3(k) for all fee 5. (1.6) 

We fix this /? for the rest of this paper. Note that for the transpose matrix A* of A, we have \\A*\\ = ||«4|| < oo 
and (II. 6|) holds with the same /?. Hence, in what follows, A could be replaced by A* . We will make use of this 
fact in Section [5] when we construct a dual process. 
Let us define the Liggett-Spitzer spaces follows: 

if = {u G [0,oo) s : (it,/?) < oo}, 
L/ 3,2 = ([0,oo) 2 ) S : (x,/3) G [0,oo) 2 }, 

L /3,£ = L /3,2 n 



For u£l s define 



I, II = £ |u(fc)|/3(fc). (1.7) 



•1/3 ~ 

fees 



Let Af(k) = Ylws Aft, 0/(0 if the sum is well-defined. Let .A" denote the nth matrix power of A (note that 
this is well-defined and finite by (|1.3| ) and define 

r(*,0 :=e^(fc,0 :^E tM "! M) - 
Let S denote the (not necessarily Markov) semigroup generated by A, that is 

£/(*) = l>(M)/(0 f°ri>0. (1.8) 

zes 

We will use the notation Af ', <St/ and so on also for [0, oo) 2 valued functions / with the obvious meaning. 
Note that for / G L/ 3 , the expressions Af and 5t/ are well-defined and that (recall M from (|1.6[) ) 

||4f||/9 < M1I/II/3 and < e^H/Hfl. 

We define the matrix A — (\A(k,l)\)k,ieS an d denote the corresponding semigroup by (S t ) t >o- Clearly, for any 
/ G L' 3 and k G S, we have 

Afft) < Afft), S t fft)<S t fft) and fft)<S t fft). (1.9) 

As above, it is easy to check that 

< m 11/11^, (1.10) 

||S t /|L < e Mt ||/|L for all t > 0. (1.11) 



Therefore, we trivially have 



AfW < -j^ for all / G I/, (1.12) 
e Mt || f II 

S t /(fc) < 11/3 for all / G l/, t > 0. (1.13) 
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Let -Djl/3,e = D h /3,E [0, oo) be the Skorohod space of cadlag L/^-valued functions. 

We will employ a martingale problem in order to characterize the (bivariate) process X G D^,e that will be 
the limit of the Dawson-Perkins models as 7 — > oo. In order to formulate this martingale problem for X, we 
need some more notation. For x = (xi, x 2 ) and y — y 2 ) G R 2 we introduce the lozenge product 

xoy := -(xi + x 2 )(yi + y 2 ) + i{x\ - x 2 )(yi - 1/2) (!-14) 

(with i = \J — 1) and define 

F(x, y) = exp(xoy). (1.15) 
Note that x o y — y o x. For x, y G (M 2 ) s we write 

V» = ^2x(k)oy(k) (1.16) 
fees 

whenever the infinite sum is well-defined and let 

H(x,y)=exp(((x,y))). (1.17) 

Define 

L/< 2 = {y G ([0,oo) 2 ) 5 : y(fc) ^ for only finitely many k e S} (1.18) 

and 

i/'^ = l/' 2 n s 5 . (1.19) 



Finally, define the spaces 



and 



I& = {/ G [0, oo) 5 : (/, g) < 00 for all g G l/} 

= {/ G 1/ : Bup/(fc)//3(fc) < 00} 
L fees J 



(1.20) 



L£f = = fai.JJa) G : ^,7,2 G Ll} . (1.21) 
As a subspace, inherits the norm of L/ 3 . 

Note that the function H(x, y) is well-defined if cither x G (R 2 ) s and y G l/> B or a; G l/' B and y G L^ B . Our 
main theorem is the following. 

Theorem 1.1 (a) For all x G Lr' B , i/iere exists a unique solution X G D^p.e of the following martingale 
problem: For each y G h^ ,E , the process M x ' v defined by 



M x,y ._ 



= H(X t ,y) - H(x,y) - f ((AX„y)) H{X s ,y) ds (MPi) 
Jo 



is a martingale with M ' y = 0. 

(b) For any x G L^ ,s and y G the process M x,v is well-defined and is a martingale. 

(c) Denote by P x the distribution of X with Xq = x. Then {Px) X £LP- E * s a strong Markov family. 

Unfortunately, the characterization of X as the solution of the martingale problem (MPi) does not shed much 
light on properties of the process X such as: Is X continuous or discontinuous? If it is discontinuous what is 
the structure of jump formation? These questions will be answered by a different representation of X as as a 
solution to a system of stochastic differential equations of jump type. 

The stochastic parts of the single coordinates in the Dawson-Perkins process defined in (| 1 . 1 [) are two-dimensional 
isotropic diffusions and are hence time-transformed planar Brownian motions. When we speed up these motions, 
at any positive time, they will be close to their absorbing points at E. Hence, a crucial role in the subsequent 
considerations will be played by the harmonic measure Q of planar Brownian motion B on (0, oo) 2 . That is, if 
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B = (_Bi,£?2) is a Brownian motion in M 2 started at a; € [0, oo) 2 and r = mi{t > : B t $ (0, oo) 2 }, then we 
define 

Qx = ~Px[B T G •]. (1.22) 

If x = (u, v) G (0, oo) 2 , then the harmonic measure Q x has a one-dimensional Lebesgue density on E that can 
be computed explicitly 

r 4 uvu 

2 " U J it U = 0, 

n Au 2 v 2 + (u 2 + v 2 - u 2 ) 

(1-23) 

4 uvv 

2 dv, it u = 0. 

4u 2 w 2 + (w 2 + u 2 - w 2 ) 



Furthermore, trivially we have Q x = S x if x G E. 

As the next goal is to define a measure for the jumps that drive the process X, we need to describe the 
infinitesimal dynamics of X. These will be defined in terms the a- finite measure v on E that arises as the 
vague limit (on E \ {(1,0)}) of e _1 Q(i ie ) as e — > 0. Using (| 1 . 23|) . it is easy to see that v has a one-dimensional 
Lebesgue density given by 

f A a 

du, if v — 0, 



7T (1-U) 2 (1+U) 2 

>(d(u,v)) = { 4 v (1.24) 
7t dv, if u — 0. 

T (1 + W 2 ) 

We use v to define the Poisson point process (PPP) that will be the driving force of the equations. Let Ao be 
the PPP on S x R + x M + x E with intensity 

Nq =ls® A® A<g>z/, (1.25) 

where A is the Lebesgue measure on R + and £g is the counting measure on S. Assume that the process 
X = (^(X t: i(k),X t 2 (k)) £ E, k E S, t > 0) is given. The measure v is the limit of the Q only at the point 
(1,0) G E. The limits of e~ 1 Q( u ,e) and e _1 Q(e,t,) can be obtained by simple transformations of v (see [KM08, 
discussion before (5.5)]). To this end, we define the functions 

Ji{y,z) = y^zs-i + (yi - for y,z € E, i = 1, 2 (1-26) 

and 

J=(Ji,J 2 ). 

Define the functions ii, /2 an d I := I\ + 1% that will serve as intensities for the driving noise by 

7 M (fc) := l { ^_,( fc )>o } ^'' 3 7:{ fc) for fc G 5, t > 0, * = 1, 2. (1.27) 

A-t-,i(K) 

Now, given A, we define a new point process Af by 

Af({k},dt,dy) :=Af ({k},dt,[0,I t (k)],dy) (1.28) 
Let A/"' be the corresponding compensator measure, that is, the measure on S x M+ x £7 given by 

A 7 ({£;}, dt, dy) = J t (fe)dt v{dy). 

Finally, define the martingale measure 

M—M-M'. (1.29) 
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Let x S ~Lr' . By a weak solution of the following system of stochastic differential equations 

X t (k) = x(k) + [ AX s (k)ds+ [ [ J(y,X s _(k))M({k},ds,dy) (1.30) 

JO JO J E 

we mean a pair (J\f ,X) such that Ao is a PPP described in (|1.25p . X is a D^p.e valued process, M. is derived 
from TVo and X as described above and (|1.30[) holds for all f > and k £ S. We say that the solution is unique 
if the distribution of X is the same for all weak solutions. 

Theorem 1.2 For any x € lr' E there exists a unique weak solution (Afo,X) of \1.30\) and X solves \MPi\) . 

Now let us go back to the Dawson-Perkins model. We would like to clarify our initial motivation that the process 
described in Theorems ll.il [l~2l is indeed the limit of Dawson-Perkins process as 7 — > 00. Let Y 1 = (Yj 7 , Y2) be a 
solution of with Y e l/> B . This process with our slightly relaxed assumptions on A can be constructed in 
a way similar to the construction of Dawson and Perkins (see also [CDG04 ). Furthermore, let X be a solution 
of jMPTT ) with X = Y . 

Clearly, the continuous processes Y 1 cannot converge to the discontinuous process X in the Skorohod topology 
on D h /3,B. Hence, in order to get a limit theorem, we use the weaker Meyer-Zheng topology (see |MZ84] V 
Roughly speaking, convergence in the Meyer-Zheng topology means convergence for Lebesgue almost all time 
points. More precisely, for any / S D^,e let tp(f) denote the image measure on [0, 00) x D^,e of e~ l dt under 
the map 1 1— > (t, f(t)). Note that -0 is injective and hence weak convergence in the space of probability measures 
on [0,oo) x D-^p.e defines a topology on I\p,e that is called the Meyer-Zheng topology (Meyer and Zheng 
MZ84] call it the pseudo-path topology). 

For the convergence of Y 1 to X, it is not crucial that in (jl.ip the noise term has the special form of a product. 
In fact, it is necessary only that the noise is isotropic, strictly positive in (0, oo) 2 and vanishing at the boundary 
in such a way that it admits a solution with each coordinate nonnegative. Hence, consider the equation 

Y tti (k) = Y ,i{k)+ [ Y,Aik,l)Y Sii (l)da (1.31) 
Jo les 

+ I ~f 1/2 <7(Y s (k))dW s 4k), t>0,keS,i=l,2. 
Jo 

Here (Wi(k), k e S, i = 1, 2) is an independent family of one-dimensional Brownian motions and a : [0, oo) 2 — » 
[0, 00) is measurable and fulfils the following assumptions: 

Assumption 1.3 (i) cr(x) — for all x € E. 

(ii) inf o~(C) > for any compact C C (0, oo) 2 . 

(Hi) For each y £ L' 5 ' 2 and 7 > 0, M.31\) admits a (weak) L' 3 ' 2 -valued solution. 

Of course, o~(x) = ^/x\X2 is the case considered in (II. ip and it satisfies the above assumptions. 

Theorem 1.4 Assume that (i) and (ii) hold and that for each 7 > 0, we have chosen an L/ 1,2 -valued solution 
Y 1 of il.31\) . Assume that Xq := Y 7 G h" ,E does not depend on 7. Then, for each sequence j n — ► oo, in D-^p.e 
equipped with the Meyer-Zheng topology, we have 

F 7 " X as n -> 00. (1.32) 

1.3 Organization of the paper 

We prove Theorems 11.11 11.21 via an approximation procedure. In Section [21 we will construct a sequence of 
processes with only finitely many jumps and which have a non-trivial dynamics only on a finite subset S m of 
S. Then we will show that this sequence converges to the process X m that solves a system of equations similar 
to (jl.30p with the difference that we suppress jumps greater than 1/m. In Section [3l we will show that the 
sequence (X m )„ l£ N converges to a process that solves QMPiP and (|1.30p . In Section [U we will show uniqueness 
for QMPiP . Section [5] is devoted to the proof of Theorem 1 1.21 Theorem 11.41 is proved in Section [5] 
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2 Approximating sequence of processes with a finite number of 
jumps 

The aim of this section is to construct a sequence of approximating processes that should converge to the process 
solving the martingale problem flMPil ). Let (5 r m ) mS N be a sequence of finite subsets of S such that S m | S as 
tyi — ► oo. We will define a sequence of approximating processes 

X = ((X t ,i{k),X t , 2 (k))£E, k£S,t>0) 

in a way that they may change values only for k € S m and stay constant for k € S \ S m . To this end let us 
define the matrix A m by 

Am(k,l) = ( A{k ^ if fc >' e ^' (2.1) 

K ' 0, otherwise. v ' 



Let (<5> t m )t>o be the semigroup generated by A m and let p™ = e tAm denote its kernel, that is, for / € L 







Srf(k) = ^2pT(k,l)f(l). (2.2) 



Clearly, for any / G L' 3 , 



A„J(k) < Af(k) for all k e S, (2.3) 
S™f(k) < S t f(k) for all k e S. (2.4) 



Fix e > and m, n £ N. Let Wo be the PPP on S x K + x R + x E with the intensity No given by (|1.25j) . Now 
given a process X which is adapted to filtration generated by Ao(-, dt, •, •), define Ii and I similarly as for X in 
(11.27[) . We can now define a point process by 

N{{k},dt,dy) :=No({k},dt, [0, /*(*)], dtf). (2.5) 

Let TV' be the corresponding compensator measures and define the martingale measures 

M:=N~Kf'. (2.6) 

Denote by AX S = X s — X s ^ the jump of X at time s and define the stopping time 

f :=inf{i: ^l { ^ 0} >n). (2.7) 

We will show later that for our process X we have in fact f > and the jumps of X do not accumulate. Define 
the following indicator functions for y = (j/i, y 2 ), z — (z%, z 2 ) e 

hi{y,z) ■= l{»7>|yi-l|z,>e}l{y 2 =0} + l{n>y 2 Zi>e} 7 
MV, Z ) 1 {y2z t >n\ + l{y 2Zi <e} = 1 {y 2 >0}(^ ~ h(y,z))- 

Finally, for y,z g E and i = 1, 2 (recall (|1.26|) 1. define 

JiAvi z ) : = h t (y,z)(yi - 1)^, 

J2,i(y,z) :=h 3 -i(y,z)y 2 z 3 ^, (2.8) 
Ji(y, z) := J M (y, z) + J 2 ,i(y, z), 
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and 

Ki{y,z) := g 3 „ t (y,z)y 2 z 3 - 
To simplify the notation, introduce the processes 



and 



M M (fc) 



N M (fc) 



o Je 



JE 
t 



Ji(y,X s .{k)) M{{k},ds,dy) 



Ri{y,X s {k))M'({k},ds,dy) 



(2.9) 



(2.10) 



(2.11) 



+ / A m X s 4k)l ijt 



{X s ,3- S (fc)>0} 



ds. 



Now we are ready to define the process X starting at x G \P ,E as a solution of some stochastic equations. To 
this end we need the following proposition. 

Proposition 2.1 For any x G h@ ,E , there exists a solution X G Difi,m to the following system of equations 



X t>i (k) = Xi{k) + / A m X s<i {k) ds + Mt,i{k) - N M (fe), k G S m , i = 1, 2, 



and 

X t (k) = x(k) for t > and k G 5 \ S* m . 
We will prove the proposition via a series of lemmas. First we will need the following. 
Lemma 2.2 Recall the measure v from \1.2J$ . Let e > 0. 

(i) We have 

x (e,oo)) = -j^-^ < -(lAr 2 ), 



(2.12) 



(2.13) 



and 



i/(([0,oo)\(l-e,l + e)) x {0}) 



8 1 _ 2 

7T £(4 — 6^) 7T ' 

2 1 



7T e(2+e) : 

7T 



e > 1, 



(ii) We have 



and 



y 2 v(dy) = 1. 



{|yi-i|>e} 



(yi - 1) i/(dj/) = 



7T & \ 2 — e I 7T 



4 _ e 2 , 



(f £<1, 



hence 



2 



'{|»l-l|>e} 

Furthermore, for all n > we gei as a consequence 



< 



{n>| ai -l|>e,y 2 =0}u{n>y 2 >e} 



(2/1 - t)v{dy) 



< 
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(Hi) We have 

[ ( Vl - 1) v(dy) = - log(l + 2/ e ) + l-L- < -e-\ 

J{ yi -l>e} T 7T2 + 6 7T 

fwj For p (1,2), we have 

m p := / - l|'i/(dy) < - f ~ ^ + 2 < ex.. (2.14) 
Je irp(p- l)(2-p) 

Proof. The statements (i)-(iii) are derived by simple calculus. We omit the details. For (iv) note that 

^ f°° v , 4 f 1 . s2 _„ , 4 f 00 tt(l - u) 2 -f , 

mp -*Jo VTv^ dv + ~J < l ~ u) du+ ~J (i+ur du 

and the right hand side equals the right hand side of (|2.14[) . □ 
Note that Lemma \2 . 2 1 implies J (y\ — l)v(dy) = in the sense of a Cauchy principal value. 
Lemma 2.3 For any x G LA E , X G D^h.e solves t2.1SM2.1S\) if and only if X solves 



'0 J E 
i>tAr /> 

+ / / jx,i(y,X s -{k))M{{k},ds,dy), keS m ,i = l,2, 
Jo Je 



X tti {k) = x t {k)+ I l {jfs)3 _. (fe)=0} .A m X S)i (fc)ds (2.15) 

J2,i(y,X s _(k))Af({k},ds,dy) 



and fOSp . 



Proof. Suppose that X € D^p.e solves (I2.12ll2.13l) . Fix an arbitrary k G S m . Note that since -X" Sj j(fc)X S) 3_j(A:) 
0. we have (compare Lemma |2.2f ii)) 

/ y 2 X St3 ^{k)JV'({k},ds,dy) 
o Je 

AnX St i(k)l { ^^ 3 _.^ >0 yds / y 2 v(dy) (2.16) 



— / ■A-mX s ,i(k)\ ^ x ^ 3 _i(fc)>o} * — 1)2 
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We use this in the last equality to obtain 

J 2 ,i(y, X s .(k))M({k}, ds, dy) - N tli (fc) 

j 2 ,i(y,X s -(k))Af({k},ds,dy) 



tAf 
JE 



JE 

tAf 



(J2,i + Ki) (v, X s _(fc))^'({fc}, ds, dy) 
/ _ •A m X s ,i(k)l^ s 3 _ i (fe)>o} ^ s 

J t At 

j 2i i(y,X s -(k))Af{{k},ds,dy) 



J_E 



tAf 



J-E 

tAf 



JE 
t 

_ A m X Sii (k)l^ s 3 _.( fe ) >0 j. ds 

tAr 
tAf 



JE 



J 2 ,i{y,X s _(k))Af({k},ds,dy) 

/ ^4 m X Sii (fc)l^ _ 3 _ i (fe)>o} ds- 
J o 



Now recalling (|2.6[) we get that X(fc) satisfies (|2.15[) for fc e S m . 

To get the converse implication, that is, if X(k) satisfies (12 . 15[) for k G S m then it also satisfies (|2.12p . one 
should just reverse the above argument. □ 

By the above lemma to prove Proposition ! 2 . 1 1 it is enough to show that there exists a solution to (|2. 15ft and (|2.13D 
in D-^p.e. Let us start the construction of a solution. For this we will need some auxiliary process Y € Dffl.E. 
Also for Y S D h i3, E denote 

J^(fc) = 1 {Y t -Ak)>o} AY y~f~ { ^ ) for k e S, t > 0, i = 1,2, 
lY(k) = + lY a (k) for k e 5, i > 0. 

We next construct a process Y that describes the evolution of the process X until the first jump occurs. 
Lemma 2.4 Let x £ L/ 3 '^. Then there exists a Y G D-^p.e that solves the following system of equations: 

Y t ,i{k) = Xi(k)+ f l{y. > ,_,(k)=o}-4 m l r »,i(*r) «i« (2-17) 



Y tji {k) = Xi {k), keS\S m) i=l,2 



J lti (y,Y s -(k))lY{k)v(dy)ds, k e 5 m ,i = 1,2, 



Moreover, if Xi{k) > ; i/ien 



Y f ,i(fc) > /or i > 0. (2.18) 



Proof. For k E S \ S m the result is trivial. Now we will construct the solution on the set S m . First we will 
handle the case where 

xi(k) + x 2 (k) > for all k £ S m . 
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Define 

Si, m = {k G S m : Xi{k) > 0} fori = 1,2. 

Define 

St,3--i(fc) = for all t > 0, k G S iiJn ,i = l,2. 
Now we will construct a solution to the following system of equations 



(2.19) 



(k)+ / l{Y Bi3 _ i {k)=Q}AnY s , i {k) ds 



(2.20) 



J lti (y,Y a -{k))lY{k)v(dy)da, t>0,k£S i>m , i = l,2. 
o Je 



It is easy to check that the above system of equations has a non-explosive solution due to the following estimate 
on the drift term (see Lemma r2.2f ii)) 

J x<i {y,Y^{k))lJ{k)v{dy) 

Ji.i (y, Y s -(k)) l{y ii4 (fc)>o} ^v' 3 fu\ k v ( d v} 
E 'MW 
4 

- —^{Y Sii {k)>o}-A. m Y S £-i{k)ds, k g Si >m ,i = 1,2, 
where we also used that y Si 3_i(fc) = and hence A m Y St3 -i{k) > for fc G Si, m . 

Next we are going to show that Yt,i(fc) > for k G S^ m . Let A; G iSj >m . Then by the calculations similar to the 
above we get (see Lemma l2"T2T iii)) 



This implies that 



where 



J u {y,Y s _{k))lY{k)v{dy) < -1 

{Y s i(k)>0}Ys,i(k)A m Y S] S-i(k). 

YAk) >x 2 (k)+ f l {Ys3 _ i{k)=0} J2^(k,l)Y Sti {l)ds-V t 



V, = 



1 {y s ,3-i(fc)=o}(--4( fc I k))Y s<i (k) ds 



H / l{Y s , t (k)>o}Y s ,i(k)A m Y s , 3 -i(k)ds. 



Since is linear in Y t ^(k) we immediately get that Y t ^{k) satisfying (|2.20[) does not hit in finite time, which 
means that 

Y t>i (k) > for aU t > 0, k G S i>m . (2.21) 

Using (|2.2ip , it is easy to check that Y defined by (|2.19p , (|2.20|) indeed solves the system of equations (|2.17p 
and satisfies (|2.18[) . So the lemma is proved for x G lr' E such that X\(k) + x 2 (k) > for all k G S m . 
Now denote 

Sa,m = {k G S m : xi(k) = x 2 {k) = 0}, 
and suppose that S3 m ^ 0. We can define the approximating sequence of processes Y l with 

(lo,i(*).*o, 2 (*)) = (0,1/0, keS 3 , m , 
Y>(k) = x(k), keS\S 3 , m , 
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that solves (I2.17[) and satisfies (|2.18p (each Y l is constructed as above). By letting I — > oo it is easy to show 
that any limit point of {Y l }i>i also solves (|2.17p and satisfies (|2.18p . We leave the details to the reader. □ 



The process Y constructed in Lemma 12.41 will describe the evolution of the process X until the first jump. Now 
we will have to define the time of jump and what happens at the time of the first jump. Define the point process 
by 

Af Y ({k},dt,dy) :=N- ({k},dt, [0,I Y (k)],dy), k £ S m . (2.22) 
Xt(k). For i — 1, 2 let us define 

ZtA k ) = J o J e (^3-i(y,5 / s -(fc))l{y 2 >o}l{y s -, 3 - i (fe)>o} 

+ hi(y, Y s -(k))l {Ys _ , i( fc) >0 }) A/" y ({fc}, ds, dy). 
Let Ti(k) be the time of the first jump of the process Z tj i(k), that is 

T i{k) = inf{t > : Z M (fc) > 0}. 

Lemma 2.5 For any i — 1, 2 ? k € S rn } 

Ti(k) > P-a.s. 

Proof. Let Z[(k) be the compensator of Zi(k). To prove the lemma it is enough to show that 

lim^ 4 = P-a.s. (2.23) 

It is easy to see that 

Z' t ,i( k ) < / / 1 tey,,3- i (t)>4 1 (y.,3-.(i)>o) rr S,% a} v(dy)ds 
Jo Je is,3-i\K) 

f* f 1 1 M3-iW / j W 

+ / / 1 {y2n, l (fc)>e} 1 {n, I (fc)>0} y s .a.) v[dy)ds 



JE 



/_ 1 {\yi-MY s , z (k)>e,y 2 =0}^-{Y s , z (k)>0} Ys l {k) 



10 JE 



Using Lemma l2~27 i) . we get 

Z' t Ak) < / A m Y s ,i(k)Y St3 _i(k) +A m Y StS _ i (k)Y s>i (k)ds. 



4 " f 



7re z 



(i 



Now since Y € Djji.m, sup s<t \Y S: i{k)AmY s ^-i(k)\ is bounded for any i = 1,2, ft G S m , and hence we get that 
(12.23[) follows and we are done. □ 

Let r = vc&k£s m ,i=i,2 { T i(k)}- Let k* G S m be the site where 

n{k*) = t 

for i = 1 or i = 2. Now we are ready to define the process X until time r. 

l t = Ft, t<T, 

X T (k) = Y T (k), keS\{k*}, 

Al r ,i(fc*) = [J q + - J a ) J E {ji,i{y,Y s -{k*))+J 2 ,i{y,Y s _{k*))) 

Af Y {{k*},ds 1 dy) 1 £ = 1,2, 
X Tii (fc*) = X T _ )1 (fc*) + AX Tij (fc*) ) » = l,2. 
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Lemma 2.6 {X tAT } t > G Djj>,b. 

Proof. By our construction and of X and by Lemma [33] we get that 

{X t /\ T -}t>o = {Yt/\ T -}t>o € D h n,E. 

So we just have to check what happens at the moment of jump to show that 

X T {k*) e E. (2.24) 

As it follows by our construction of X and by Lemma 12.41 only one type is present at time r— at site k* and let 
us assume without loss of generality that X T -^(k*) = and X T -^(k*) > 0. The jump that can push X\{k*) 
from zero comes from the jump of Af Y ({k*}, ds, dy) at time r. However, if such a jump at time r is of height 
y = (0,v), and h 2 (y, X T -(k*)) = 1 then X Tt i(k*) gets the value 

vX T _ >2 (k*), 

but at the same time the jump of the process X 2 at time r equals to 

(f T+ - I* ) f J 1 , 2 (y ) X s Ak*))n Y {{k*},ds 1 d y ) = ~X T ., 2 {k*) 

JO JO JE 

and this brings X Tj2 (k*) to zero, which means that there is still just one type present at the site k* at time r. 
If the jumps of Af Y ({k*}, ds, dy) at time r is of height y = (it, 0), then this may change the positive value of 
X T -, 2 (k*) to another value (although it still stays positive) but the value of X T: i(k*) still stays at zero. 
The same argument_says that one cannot get two types present at the same site k* from the situation when 
X T -,i{k*) > and X T _ t2 {k*) = 0. Hence (|2.24j) follows and we are done. □ 

Lemma 2.7 X t constructed above solves f2.15\) , H2.13]) for t < t. 

Proof. Immediate by construction. □ 

Proof of Proposition [2TT1 Lemma [2.71 shows that we have constructed solution to (|2.15|) . (|2.13p until the 
first jump of X. Now we repeat the construction iteratively and thus construct the solution of (|2. 15|) . (|2. 13|) 
until f - the time of nth jump of X - and then continue the solution satisfying (|2.15p . (|2.13p after time f (no 
jumps after that). This finishes the construction of solution to (|2 . 1 5|) . (|2.13|) and by Lemma [2731 we are done. □ 

The next aim is to show that X converges almost surely as n — > oo to some process X and to identify X as the 
solution of a system of stochastic integral equations. In order to describe these equations, we will need some 
notation. 

Similarly as M. , we denote by M. the corresponding point process that is defined in terms of Ao and X instead 
of X . Define hi = linin^oo hi and gi — linin-xx, <ji, that is 

hi(V, x) = l{\ yi -l\xi>E} 1 {y 2 =0} + 1 {v2x i >e} i 

9i(y,x) = i{y 2Xl<e } = i{ y2 > }(l - hi{y,x)). 

Define Jj, Ki and the processes M, and Nj as above but with hi and tji replaced by hi and gi 1 respectively, and 
with f replaced by oo. 

Proposition 2.8 As n — > oo, we have the convergence 

X "=°? X P-a.s., 
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where X solves the following system of equations: 

X t ,i{k) = Xi {k) + f A m X s ,i{k) ds + U t ,i(k) - N*,i(fc) (2.25) 
Jo 

if k G S m and X tt i(k) = Xi(k) otherwise. Moreover, the processes M,-(fc), i = 1,2, k G S 1 , are martingales. 

The proposition will be proved via a series of lemmas. Our first task is to show that the integrals with respect to 
the martingale measures that appear in the definition of X are in fact martingales. Since the integrand functions 
are bounded by n and the total number of jumps is bounded by n we get by Proposition II. 1.28 of pS87] that 
Mi(fc) are local martingales. Moreover, since Mj(fc), i = 1,2, k £ S m , are pure jump local martingales with 
bounded jumps we get that they in fact are martingales (see Corollary II. 3 and Theorem 11.28 in [Pr04] ). 

Now we are ready to give a bound on the expected values of X t .i(k), i = 1,2. Since all the stochastic integrals 
are martingales, we get for all k € S m that 



E 



X t ,(k)\ = a*(fc)+E 

< Xi(k) - 

< S? Xl {k) 



(A m X Sti )(k) ds 
A m E[X s ^](k)ds 



E[N M (fc)] 



Note that the last inequality follows easily by the semigroup theory. 
Now recall (|2.4p and the definition of Xi(k) for k $ S m to infer that 



E 



X t ,i{k) < S t X ,i(k) for all fc € S, e > 0, m, n > 1, i = 1, 2. 



(2.26) 



Now we will get the so-called mild form of equation (|2.12jl . Recall that p r t n is the kernel for S" 1 . Then one can 
easily check that if X solves (|2.12l) , then it also satisfies the following mild form the equation: 



it,((fc) =S?XoAk)+Y, / pT- s {k,l)dM Sti {l) 



les 



E 



(2.27) 



P m (k,l)dN s 4k) for k e S n 



Now we are ready to derive the martingale decomposition for the product X t ^(k)X t ,2(k). 
Lemma 2.9 Let k\, k% € S, k\ ^ ki, and let t > 0. Then 
X t ,i{h)X ti2 {k 2 ) = 5 t m lo,i(fci)5rlo,2(fc 2 ) 

~£ / Pt- s (ki,l)pT-s(k2,l) (x S!l (l)A m X s<2 (l) + X s>2 (l)A m X S!l (l)) ds 
les 

+ M t -N u 

where M t and N t are given by 



M t = / pT-s(kiJi)pT- s (k2j2)(x Sil (l 1 )dM Si2 (l 2 )+X Si2 (l 2 )dM s s(l 1 ) 

V f pT. s {kiM)pT- s {k2M) (Ki(h)KM + x.*(h%M 



h,h&S 
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Proof. This is an easy application of integration by parts formula and the fact that 

X t ,i(k)X t fl(k) = for all t > 0, k e S. 
Corollary 2.10 Let ki,k 2 E S and t > 0. Then we have 

E r^ M (fci)^ tl 2(fc2)l < S t a:i(fci)S t a; 2 (fca). 



□ 



Proof. For fc 1; k 2 € S m , the result is an immediate consequence of the previous lemma and (|2.4[) . If hi £ S v 
then X t> i(ki) = xi(fci). Hence, by (|1.9p . we get 



E 



^f,l(fcl)^t,2(fc 2 ) =Il(fcl)E[Xt, 2 (fe2)] < S t a!i(fei)S t iF2(fc2) 



For the case fc 2 ^ S m , the estimate is similar. 

Now we will give the L p bounds for the martingales Mj, i = 1, 2. 



□ 



Lemma 2.11 For any p £ (1,2), there exists a constant c p < oo such that for all k £ S, T > and i = 1,2, 
we have 



E 



sup|M M (fc)| p 



< c p / ((A + l)S a a;i(fc) + 1) {{A + l)S s x 2 (k) + 1) da. 
Jo 



Proof. First note that for k £ S m , we have Mj(fc) = and hence the estimate is trivial. 
Now let fee S m . Note that 



E 



sup|M M (fc)l* 

t<T 



< 2 P_1 E 
= : L 1 +L 2 



su P |C t | p 


+ 2 p - 1 E 


sup | A| P 









(2.28) 



where 



and 



C t := / / J2,i{y,X s _(k))M({k},ds,dy) 

JO J E 

rtAf r 

D t := / Ji ) ^,l s _(fc)).M({fe} ) ds,dy) 

are martingales of finite variation. As the point process N has no double points, the square variation process 
of C is 

[C,C] t = / J 2 4y,X s _(k)) 2 Af({k},ds,dy). 

Jo Je 

Hence, by the Burkholder-Gundy-Davis inequality (see, e.g., |DM83[ Theorem VII. 92]) we get with c' p — 
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L X < c' p E[[C,Cr t /2 ] 



< c p e 



J 2 ,i{y,X s -(k)) p ri({k},ds,dy) 
J2Ay,X s -(k)) P Af'({k},ds,dy) 



(2.29) 



X,3- l (fc) p "M m X s , i (fc)ds 

(X s ,3_i(fe) + l)AnX,»W ds 

Jo 



< c;e 



where the last inequality follows by Corollary 12 . 1 01 and (|2.3p . For the right hand side of (|2.30p we use the trivial 
bound 



(2.30) 



c' p / ((A + l)S,n(fc) + 1) ((A + l)S s a; 2 (fc) + 1) tfc. 



Hence we are done for L%. 

Now we treat the L2 term. Recall m p from Lemma f2.2lf iv). Again by the Burkholder-Gundy-Davis inequality 
we get (using the trivial bound h < 1 and letting d p ' = m p c' p ) 



L 2 <c' p E 

<<e 
= c ;e 

< clE 



p/2' 







Ji.id/.X.-CA)) 2 ^*},*,^) 



|yi-l|** a _,i (ft)* #({*}, 



'0 



IQ J E 

1 p X s ^(k) p l{jf a .( fc ) >0 } 



(2.31) 



<c"E 



X. ti {k) 

(X. ti (k) + l)A m X.,*-i(k)ds 

< c' p ' I (S sXl (k) + l)AS s z 3 -;(A0 da, 
Jo 

where the last inequality follows by Corollary 12.101 and (|2.3|) . Again, the right hand side of (|2.31|) is trivially 
bounded by (|2.30|) . Now the claim holds with c p = c ' + c". □ 
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Remark 2.12 Note that the bound in the above lemma is uniform in m,n,£. 



Now we will show that for any t > 0, we can bound the number of jumps of Xj (that are greater than a certain 
size) on [0, t] uniformly in n. Let h^s be defined as hi with S instead of e. 



Lemma 2.13 For any k £ S m , t > 0, i = 1, 2 and 5 > we have 



E 



JE 



hu(y,X s ^(k))Af({k},ds,dy) 



S s X3-i(k)AS s Xi(k) ds. 



Proof. By Lemma l2~27 i) . Corollary 12. 101 and (|2.3[) . the left hand side is bounded by 



<V 2 E 



X s ^{k)A m X s ^i(k) ds 



< 



4 of 1 

—S~ / S s Xi(k)AS s x 3 -i(k) ds. 
k Jo 



(2.32) 



□ 



Proof of Proposition I2T81 Fix arbitrary t > 0. Define the following events 



B' 



C" 



c : i i hi(y,X s -,i(k))Af({k},ds,dy) < n/2 

JE 

i { I f h 3 _, (y, X.- ti (k))ft{{k}, ds, dy) < n/2 

JE 
t 

to 



JE 



1 {y 2 X^Ak)>n} + 1 {V2=0} 1 {\y 1 -l\X^Mk)>n} Af ^ k ^ ds ^ d y^ 



+ / / 1 {» 2 X,_(fe)>n} + 1 {'tfi>0} 1 {| yi -l|l s _, 3 _ l (fc)>«} AA({fc} ' dS ' dy) =0 

s n n c™ . 



(2.33) 



Clearly B n C {t > t} and it is easy to see that on B n , X solves the system of equations (|2.25|) . Moreover, by 
definition, B n C B n+1 . Hence in order to derive the claim it is enough to get that 



P\D ri 



1 as n — > oo. 



(2.34) 



However, by Lemma l2.13l and the Markov inequality, we get that there exist constants c\ and C2 depending only 
on the initial state x and on m such that 



P[(B r ' 



< 



C\ (x, m) 



P[(^)1 < 

n z 

and (|2.34p follows immediately. Now use Lemma [2.111 to see that M^fc) is a martingale, since the L -limit of 
martingales is a martingale. □ 



3 Existence of a solution to (|MPi|) 



In what follows let (e m ) m gtj be a sequence such that 

£m I 0. 



Let X m be the process X defined in Proposition 12.81 with e replaced by e m . If no ambiguities occur, we will 
simply write X = X m . This and the next section will be devoted to the proof of the following theorem. 
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Theorem 3.1 Let X™ — x E h^' E for all m E N. As m — > oo, the processes X m converge weakly in D-^p.e to 
X which is the unique solution to the martingale problem (MPi| ) with Xq = x. 

The strategy of the proof is pretty much standard. First we prove tightness of the sequence of the processes 
and show that every convergent subsequence satisfies the above martingale problem. Then we will show the 
uniqueness of the solution to the martingale problem flMPiD . 

This section is devoted to the proof of the following proposition which is the first step in the proof of the above 
theorem. 

Proposition 3.2 Let X™ = x E l/> E for all m E N. 
(i) The sequence {X m ) m ^ is tight in D^,e. 

(ii) Any limit point of (X m ) m ^fq in D^p.e solves the martingale problem ftMPi\ ). 

3.1 Proof of Proposition HOB ): Tightness 

The strategy for showing tightness in Proposition 13.21 is to do two things: 

(1) We show that the so-called compact containment condition holds for X(see Lemma |3~5|) . 

(2) Let Lip^l/^jC) denote the space of bounded Lipschitz functions on h" ,E that depend on only finitely 
many coordinates. We use moment estimates for the coordinate processes X(k) and Aldous's criterion to 
show that for / E Lipj(L^ 3, - E ; C), the sequence (/(X™)) 4>0 is tight in Dr fLemma 13.91) . 

By the Stone- Weierstrafi theorem, Lipj(L^' £ ; C) C Cf,(L ,3 ' £ '; C) is dense in the topology of uniform convergence 
on compacts. Hence (1) and (2) imply tightness of I™ by Theorem 3.9.1 of [EK86] . 

3.1.1 Compact containment 

First by (|2.26j) . Proposition 12.81 and Fatou's lemma it is easy to get 

E [X t ,i(k)] < S t x t (k) for feeS, i= 1,2, (3.1) 

and hence by (|1.13[) . 

E[(X M ,/?)] <e Mt (xi,0) for i = l,2. 
By Corollary 12.101 and Fatou's lemma, again it is easy to get for k%, &2 € S 

E[X t)1 (fcx)X t)2 (fe 2 )] <S ta;i (fci)Sta: 2 (*2). (3.2) 

Now we derive bounds on sup t<T (X t r ™, /?), i = 1,2. Define the negative parts of the diagonal entries of A m and 
A 

D m (k) = max{-A,(fc, fc),0}, 
D(k) = m&x{-A(k,k),0}. 



Recall ||^4|| from (II. 3|) and note that 



sup D m (k) < supD(fc) < \\A\\ < oo. (3.3) 



Lemma 3.3 Let <j) be a non-negative function on S. For any T,K > 0, 



sup(X t ,i , 4>) > K 

t<T 



< K l (STXi+ I (_DS s i, + AS s Xi) ds, < 
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Proof. First assume that <p has hnite support. Define 



M M (fc) = X t ,i{k) + / D m (k)X Sil (k) ds + N t>i (A), 
Jo 



(3.4) 



where (compare (|2.1ip ) 



Jo ji + 

It is easy to see by Proposition 12.81 that Mi{k) is a non- negative submartingale and hence so is (M t ,(j>). Since 
both integrals are nonnegative, we have X t ^{k) < M t ^{k) and thus Doob's inequality yields 



Sup(X t)i , <f>) > K 

t<T 



< p 



sup(M M ,0) > K 

t<T 



< 



E[(M M ,0)] 
K 



(3.5) 



Recall (|3.1[) and note that hence 



E 



Now one can easily check that 



D m (k)X sA (k)ds < D m (k) S s Xi(k)ds. 
o J Jo 



E[N M (fc)] < Jy2v(dy)-E 



AX™{k)ds 



(3.6) 



< 



AS s Xi(fc)) ds, 



where the last inequality follows by (|3.1|) and Lemma [2~^f iiV Hence the result for with finite support follows 
by (13. 5|) . For general € [0,oo) s , the claim follows by monotone convergence. □ 

Lemma 3.4 A subset C C h 2,E is relatively compact if and only if 
(i) sup agC \\vi\\p < oo for i= 1,2, and 
(ii) for every 5 > there exists a finite F C S such that 

sup llj/ilsvj'L < S for i = 1,2. 



Proof. Simple. 



□ 



Lemma 3.5 (Compact containment condition) For every T > and every 5 > £/iere exists a compact 
set Ts C L^' B smc/i that for every m G N 

P[X™ S T 5 /or all t e [0,T]1 > 1- 6. 



Proof. Fix T > 0. By Lemma I3T41 it is enough to show the following: 
(i) For any 5 > 0, there exists K > such that for all m E N 



sup(X™,/5> >tf 



< 5, i = 1,2. 



(3.7) 
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(ii) For any 6 > 0, there exists a finite set F c S such that for all m G N, 



SU P (X t ™lF^) > 5 
i<T 



< 5, i= 1,2. 



(3.8) 



For i = 1, 2, sEj G L/ 3 , hence 



iSr^ll/s < e su ^ ^ k ^ T \\S TXi y < e MT e"** ||^||^ < x . 



Similarly, we get J„ T DS s Xi + AS s Xi ds G L/ 3 . Hence the claim follows from Lemma 



□ 



3.1.2 Tightness of coordinate processes 

The next step is to show for / G Lip^(L 2 ^, C), that (/(X t m ) t >o) m eN is tight in Dr. To this end, for k G S and 
% = 1,2, we estimate the p-th moments (p G (1, 2)) of the differences X ti (k) — X si {k) for t — s small. This will 
be the corner stone for applying Aldous's criterion for tightness. 
Recall that by Proposition 12.81 X solves the following system of equations: 

X t (k) = [ X ^ + ll^mX s {k)ds + M t (fc) - N t (fe), if k g S m , , g g) 

\ a^(fc), otherwise, 

where Mj(fc), i = 1, 2, fc G S 1 are martingales. 

Lemma 3.6 For any p G (1, 2), i/iere exists a constant c p , such that for all k G S , T > and i = 1, 2, we /iawe 



E 



sup|M t)i (fc)|f 



< c p / ((A + l)S s xx(fc) + 1) (C4 + l)S s x 2 (k) + 1) ds, 
'o 



Proof. By Proposition 12.81 M n Z^°> M almost surely (recall the implicit dependency of M on n). Hence by 
Lemma \2 . 1 1 1 and Fatou's lemma, the claim follows. □ 
From the above lemma it is easy to derive the following result that gives the bound (uniform in m) on the 
moments of the increments of Xi(k). 

Lemma 3.7 For any rx,r% G (0, 1] such that 1 < r\jri < 2, there exists a constant c — c(r\,r2) such that for 
all T > 0, k G S and i = 1,2, we have 



E 



sup \X t ,i(k) - Xi(k)\ 

t<T 

rT 2 



< c max yj^ fl {(A + l)S„Xi> (k) + 1) ds 



Proof. For k G S \ S m , the result is trivial. Hence now let k G S m . By Proposition 12.81 equation (|2.3[) and 
the triangle inequality we get 



E 



sup \X tt i(k) - Xi(k)\ 

t<T 



where 



<R 1 +R 2 + R 2 



(3.10) 



Rx = E 
i?2 = E 
R?, = E 



sup I / AX S i{k) ds 
t<T \Jo 



sup M M (fc) 

t<T 



su P N M (fc)" 

t<T 
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As in i?i the integrand is nonnegative, and using Jensen's inequality and (|3.ip . we get 



Ri < E 



AX Sti (k) ds 



< / AS s Xi(k)ds 



(3.11) 



For i?2, use Jensen's inequality and Lemma [3761 (with p = r\jr2) to get that for some constant c ri / r2 < oo, 



i? 2 < E 



sup M tii (fe) 



ri/r 2 

<C ri /r 2 \^J ({A+l)S sXl (k) + l) d.S 

For i? 3 we get by Jensen's inequality and by (|3.6p that 

i? 3 < ( E 

"o Je 



(3.12) 



tf,-(ttX.(*0)^({*},dMl/) 
< ^ A^ s Xi{k)ds^ . 



(3.13) 



Combining (|3. 1 1|) . (I3.12| . (|3. 13|) gives the claim of this lemma. 



□ 



Lemma 3.8 Fix arbitrary T > 0. Let (r m ) m6 N be a sequence of stopping times bounded by T. Then for any 
ri £ (0, 1) and k G S , we have 

limlimsup E [\X Tm+S4 (k) - X Tm ^(k)\ ri ] = 0. (3.14) 

Proof. Without loss of generality, we may assume 5 < 1. We define the stopping time 

a m , K = inf {t : (X™ + X™, (3) > K) 

and let 

R X := E [\XZ + sM - XZ,m ri M^ K <T + i } ] 
R 2 := E [\XZ+s,m - X^(k)ri {amK>T+1] \ 
Let p > 1 be such that pr\ < 1 and define q>lbyl/p+l/q=l. Then by Holder's inequality, we have 



R 1 < (E[\XZ + sAk)~Kl,m pri ]) 1/P P[^K<T+l] 



iV« 



(3.15) 



< 2 E 



By Lemma 13.71 we have 



sup X^(k)^ 

t<T+l 



h(T) := sup 2 ( E 



1/V 



sup (X^ + X™^) >X 

t<T+l 



sup X^fe)^ 1 
t<T+l 



1/P 



< OO. 



Let 5i > 0. By Lemma l3~5l we can choose K sufficiently large such that 



sup P 

mGN 



This implies that 



sup (X^+X™,/?) >K 

t<T+l 



sup R\ < Si 

ra£N 



1/9 



< 



Si 
h(TY 



(3.16) 
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Now we turn to i?2- Let r-i E (fi/2, r\). By the strong Markov property of X m and Lemma |3~TI we obtain 
E [\XZ+s,(k) - XZ,(k)\ ril W m , K >T+i}] 



< E 
= E 



< c(r±, ro) max E 
i=i,2 



5 2 



(3.17) 



xl 



{{X^ ml +X^ m2 ,f3)<K} 



Note that on the event {(X™ _ x + X™ i2 > /3) < if}, by (flT0|) . (fTTT|) and (fT~12l) . we have 

((4 + 1)5 S X™ , ( )(fc) < (M + \)e Ms K/l3{k). 
Hence for some constant c(ri, 7*2, M, T), the right hand side of (13.17|) is bounded by 



C(ri ' r2 ' M ' T) s(i (| 



1 ds 



as <5 1 0, 



uniformly in m. Together with (|3.16p . this implies 



(3.18) 



(3.19) 



limsup sup(i?i + R2) < 5\ . 

<5j.o m>l 

Since 8\> Q was arbitrary, the limit is in fact 0. This finishes the proof. □ 
Lemma 3.9 Let f E Lip / (L^- E ; C). Then f(X™) t > , m E N, is tight in D C - 

Proof. Let T > 0, (r m ) meN and n € (0, 1) be as in Lemma Since / is Lipschitz and depends on only 
finitely many coordinates, by Lemma 13.81 we have 



□ 



limlimsu P E[|/(X™ +4 ) - /(X£)H = 0. 
Hence by Aldous's tightness criterion (see |Ald78j ) . the claim follows. 

3.2 Proof of Proposition f3.2( ii) : Martingale problem for limit points 

In the previous subsection, we proved that (X m ) m6 N is tight in D^p.e and is hence relatively compact by 
Prohorov's theorem. Let X be an arbitrary limit point of that sequence. Then there exists a subsequence 
(X m ") keN such that 

X mk =^X as k -> 00 

weakly in D L /3,e. In order to ease the notation, in this section we will assume that the sequences (e m ) m &i an d 
(Sm)meN were chosen such that 

X m => X as 772 — ► 00 
First, we derive estimates on the first and second moment of a limit point X. 
Lemma 3.10 For all t > 0, k, I E S with k ^ I and i = 1,2 we have 



E[X M (fc)] < StXoM, 
E[X tA (k)X t . 2 (l)} < SiX o ,i(fc)S t Zo, 2 (0- 



(3.20) 
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For every p € (0, 1], there exists a constant c{p) such that 



E 



supX M (fc) p 

t<T 



< 



c(p)(x i (k) p + J ((A+l)S sXl (k) + l) 

x ((A + l)S»a:a(*) + l) ds + 1 



(3.21) 



Moreover for any non-negative function <f> on S , T,K > 0, and i = 1, 2, 

rT 



sup(X{,i , 4>) > K 

t<T 



< 



(Srxi + J Q DS s Xt + AS s Xi ds, < 
K 



(3.22) 



Proof. The inequalities in (|3.20p follow from (|3.1[) and (|3.2p . respectively, with the help of Fatou's lemma by 
switching to the Skorohod space with the a.s. convergence instead of weak convergence of the processes. 
For the same reasons, (|3.2ip follows from Lemma \3. 71 Here we also used the trivial inequality a p < a + 1 for 
p < 1 and a > 0. 

Equation (|3.22|) follows from Lemma 13.31 again by the properties of the weak convergence. □ 
Now we have to identify the equation for the limiting point X . For this goal, it will be enough to identify the 
compensator measures of the limits of the martingales Mj(fe). At this stage it will be more convenient for us 
to use another representation of those processes. Let A/A({fc}, • ) = N"^({k}, • ), k £ S, be the family of point 
process on R + xlxl induced by the processes X m , that is 

Af A ({k},dt,dz) = ^2l{Ax™(k)^o}5(s,Axp(k))( dt ,dz). 



Let N^' J — Af A denote the corresponding compensator measure and let Ma ■= A/a — A/" A . Furthermore, define 
A/a, N'a anc ^ A^a similarly, but with X replaced by X. 
Recall from Proposition 12 . 81 that 



(3.23) 



X t (k) = X (k)+ f A m X s (k)ds+ f f J(y,X s ^{k))M({k},ds,dy) 

JO JO JE 

- [ [ K(y,X s (k))rV'({k},ds,dy), 
Jo Je 

where for i — 1,2, 

Ji(V,z) = (l{\ yi -i\ Zi > em }l{y 2= o} + l{y 2Zi >e m }){yi - l)Zi + 1^223-, >e m }y2Z3-i 

and 

Ki(y,z) = l {y2Z3 _ i<em} y 2 z 3 -i. 
As M. is a compensated jump measure and Ar is absolutely continuous, we get 

MA({k},dt,A) = f l AV[0} (j(j/,X t _(fc))) M({k},dt,dy) 



and 



X t (k) = x(k)+[ A m X s (k)ds+ [ [ z M A ({k},ds,dz) 
Jo Jo Jr 2 

f K(y,X s (k))Af({k},ds,dy). 
lo Je 
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Lemma 3.11 The weak limit point X is a solution of 

X t (k)=x(k)+ [ AX s (k)ds+ I I zM A ({k},ds,dz), (3.24) 



where 

M A ({k},dt,dz) = Af A - Af A . 
The compensator measure of the point process Af A *s given by 



M A ({k},dt,A) = / l A \ {oy (j(y,X t -(k)))M'({k},dt,dy), 4cl 2 , 

JE 

where 

Ji{V, z ) = [Vl - + V2Z3-1- 

Proof. Note that K — > as m — > oo. Hence the third integral in (|3.23[) vanishes as m — > oo. By Theorem 
IX.2.4 of |JS87j . it is thus enough to check for all k G S that 

(x m {k),J rt™-'({k},dt,dz)G(z)y n ^° (x{k), J Af A ({k},dt,dz)G(z)j, (3.25) 

for any continuous G G C^(R 2 ) which is in some neighborhood of 0. Note that 

tf%''({k},dt,dz)G(z) = f G{J{y,X t ^{k)))N'{{k},dt,dy) 

Je (3.26) 
= (J G(J(x,X t -(k)))u(dx))l t (k)dt 

and similarly 

J Af A ({k},dt,dz)G(z) = (J G(J{x,X t _(k)))v{dx)\lt(k)dt. (3.27) 

By Skorohod's theorem, we may assume that X and X are defined on one probability space such that X 
converges almost surely to X (and not only weakly). Furthermore, note that J ] J as m — > oo. Moreover by 
the estimates similar to (|2.32p it is easy to check that for our choice of function G, 



G{J(x, z(k)))v(dx)I{z,k) — > / G(J(x, z(k)))v(dx)I (z, k), as m — > oo, 

Je 

uniformly on z in compacts of L^ ,B . Here 

Az 3 -i(k) 



I(z,k) :=£l 



{z,(fc)>0}- 



i=l 



i(k) 



Hence the right hand side of (|3.26[) converges to that of (|3.27[) and we get (|3.25p . □ 
For y e R 2 , define h y : E -> C by 

h y {z) := e (*-(l.°))*» - 1 - (z- (1,0)) ©y, 

Furthermore, for x € E, let 

{h Xiy (z), if Xi > 0, 
h x 2 (y 2 ,yi)( z )i if x 2 > 0, (3.28) 
0, otherwise. 

Note that 

h X}y {z) = e J{z ' x)<>v - 1 - J(z, x) o y. (3.29) 
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Lemma 3.12 For any x,y G E, we have 



I h x , y dv = 0. 

J E 



Proof. By symmetry, it is enough to consider the case x — (1, 0). Note that ft.(i.o), a = hy. 
A simple application of Ito's formula shows that h y is harmonic. Recall that Q z is the harmonic measure for 
planar Brownian on E. Since h y grows at most linearly, and since the first hitting time of E of planar Brownian 
motion has any pth moment for p G [1/2, 1) (see [KMOU Lemma 3.6] or [Bur77| Equation (3.8)] with a = 7r/2)), 
we get J hydQ z = h y (z). Recall that v is the vague limit of Q(i, e )/e as e — ► 0. Hence we can hope that J h y dv 
can be written as the limit of e _1 J h y dQ(i e y In fact, since h y grows at most linearly and since h y (l,0) = 0, 
by [KM081 Lemma 5.5], we get 



h v dv = lim — 



h y dQ(j e ) = lim —h y (l, e) = 0. 



□ 



Now we are ready to write the martingale problem for any limiting point X. 
Lemma 3.13 Let y G L/' B and let X be any limit point of X. Then 

M t :^e {{Xuy)) - e {{Xo ' y)) 

- [ ((AX s ,y)) e« X -^ ds 
Jo 

is a martingale. 

Proof. By Ito's formula applied to X solving (|3.24|) we get 

M t := e ^ Xt ^ - e {{Xo ' y)) 

((AX s ,y))e« x >->y»ds 

JV'({k},ds,dz)e {{x °-> y)) 



(3.30) 



E 

fees 



(3.31) 



JE 



x j- e j(,,jc._(fc))*tf(fc) _ ! _ j( Z; AV(fc))oy(£0] 
is a local martingale. By the definition of Af' and h xy in (13.281) . using Lemma T3. 121 we get 

Af'({k},ds,dz)e {{x °-' y)) [e J(z ' x °-( k))oy ( k) - 1 - J(z,X s _(k)) oy(k)] 



JE 



hx.-(k),y(k) dv — 0. 



Hence 



«**,«» _ e «x ,»» _ / {{A X s ,y)) e «*.-»» d s , 



(3.32) 



and now it remains to show that M is in fact a martingale. Applying (|3.21[) . p,12j) . (II. lip , for all T > 0, we get 

((AX„y))e« x ->rtd8 



E 


sup 


I 




.t<T 





< E 



< 



/ (ASsXx + AS s x 2 , \y\) ds 
Jo 

2 r T Me Ms 

<EE 



(3.33) 



fceS i=l 



kill. 



y(k)\ ds < co. 
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Note that the last inequality follows since y has finite support. Since the exponents in (|3.32p have nonpositive 
real part, they are bounded. Hence we conclude that 



E 



But this implies that M is indeed a martingale. 



sup | Af t | 

t<T 



< oo. 



By Lemma l3.131 any limit point of X solves the martingale problem flMPiD . Hence the proof of Propositionl3~ 
is now complete. 



□ 

ii) 

□ 



4 Uniqueness of solutions to the martingale problem flMPiD 



This section is devoted to the proof of the following proposition. 



Proposition 4.1 There is a unique solution to the martingale problem IMP\\ ) and the map x i— > P x is measur- 
able. 

The proposition will be proved via a series of lemmas. 

Recall from ([LT9]) that V' E is the space of y £ E with only finitely many nonzero coordinates. Let A* and 
A* be the transpose matrices of A and A, respectively, and let S* and S* be the corresponding semigroups. 
Recall the definition of h@: E from (j 1 .20(1 and let Djb.b = Z3 l ^,e[0,oo) be the Skorohod space of L^'-valued 
cadlag paths. 

We will define a -Dj/.e valued process Y — (Yi, Y 2 ) that solves the martingale problem which is dual to QMPJ . 
Recall the function H from ()1 . 17[) . 

Proposition 4.2 Let Yq = y G L/'^. Then there exists the process Y G D h p,E which satisfies the following 
martingale problem: For all x £ h 13 ^ , 

Mt' x ' v := H(x, Y t ) - H(x, Y ) - f ((x, A*Y S )) H{x, Y s ) ds (MPJ) 

Jo 

is martingale. 



Proof. The existence of the process Y £ that solves the martingale problem (MP* I for all x G h*' E 

follows immediately from the Proposition 13. 21 since the assumptions on A are satisfied by A* as well. To finish 
the proof we have to show that Y takes in fact values in the subspace h^ E and that Y satisfies (MP I ) for all 
x G V j ' E (not only for x £ h^ E ). 

Step 1. First we show that Y takes values in L^ B . It is enough to show that for all <fi G L' 3 and i = 1, 2, we 
have 



sup(r M ,4>)>K 



t<T 



as K 



(4.1) 



By (|3~22|) in Lemma l3T0l for any <p £ L 13 and K > 0, we get 



sup(r M . 

t<T 



> K 



K- 1 (s* T Y , i + £ DS* s Y 0ti + AS* s Y 0ti ds, A (4.2) 
It is enough to show that the right hand side in (|4.2[) is finite. To this end, we estimate (recall p.3[) and (jT7T3])) 

J Ds;y ,i^\ < \\a\\ J (Yo^s^ds 



< OO. 



2G 



Note that the last inequality follows from the assumption that Yq^ has finite support. Similarly we obtain 
finiteness of the other expressions in (|4.2p . Hence (|4.ip follows. 

Step 2. Now we show that Y satisfies (MPJ ) for all x £ h^ ,E . Let (x n ) n£ ^ be a sequence in L/' B such that 

x n 1 x as n->oo. 
Then M*' Xn ' v is a martingale for any n € N. By (g^J), for any T > 0, 



sup|ff(x„,y s )-iJ(a;,r; 



a.s. (and hence in L 1 ). 



(4.4) 



Note that 



\{{x n ,A*Y s )}\ < {x 1 +x 2 ,A*(Y Stl +Y St2 )) = (A(x 1 +x 2 ),Y Sil +Y Si2 ). 
Consequently, for all T > and t £ [0, T], wc get 



((a;„,^*y fl ))J?(a; n) y s )da 



< 



< 



< 



\((x n ,A*Y s ))\ ds 



\((x n ,A*Y s ))\ ds 



(4.5) 



(A(x! +x 2 ),Y Sl i +Y s>2 )ds. 
By Lemma \'3. 101 the expectation of the right hand side is bounded by 

(A(x 1 +x 2 ),S;(Y 0A +Y , 2 ))ds 



< M 



(SsA^+x^^^+Y^ds 
(£e M »ds\ (IM/s + IM/j)^ 



(4.6) 



Y ,i(k)+Y 0t2 (k) 
0(k) 



< oo. 



By dominated convergence, the integral term in the definition of M* ,Xn,y converges in L 1 to the corresponding 
integral term for M*' x ' v . Hence M^' Xn ' v converges in L 1 to M*- X ' v for each t. Consequently, M*- X ' v is a 
martingale. □ 
In Lemma 13.101 we established a bound on the first moments of those solutions X of the martingale problem 
QMPxD that arise as limiting points of the approximating processes X. In order to show uniqueness of the 
solution to QMPJ , we need to establish a similar bound for any solution to QMPJ . In fact we will establish a 
bit stronger result, but first let us define the notion of the local martingale problem. We say that X solves local 
martingale problem QMPiD with Xq — x £ ~L,P' E if for any y £ h?' E , the process M x ' v is a local martingale. 
Now we are ready to prove the following lemma. 

Lemma 4.3 Let Xq £ h@' E and let X be a solution to the local martingale problem fiMPi\ ) with Xq = x £ IT 3 ^. 
Then 

(i) for all k £ S , t > and for i = 1,2, we have 

E[X M (fc)] < S t ( Xl +x 2 )(k), 

(ii) and X is a solution to the martingale problem {MPi\) with Xq = x £ h@- E . 
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Proof, (i) Let y = (1, l)lr fe \ e L,f ,E be the test function that takes the value (1,1) G E at k and is zero 
otherwise. Fix the stopping time 



r n = inf{t>0: \\X t>1 + X t>2 \\ > n} . 



Note that 



e PW„,V» _ e ((x,y)) 



tl\T n 



AXs>'v))((AX S) y))ds, t>0, 



is a martingale. Then for any e > 0, we have 



E 



= e~ L 1-e 



{(x,v)) 



)-E 



tAT„ 



AX~'v))((AX 8 ,y)) rfs 



Note that Re((x, ey)) < for all x e E s . Hence 

Re(l-e ((Xt — v)) ) >0. 

Using Fatou's lemma we get 

E[X tATntl {k) + X tATn , 2 (k)] 



E 



limRce -1 ^ -e« Xt — ea ») 

e|0 V y 



(1 _ e «^"*Ar n ,ey») 



< liminf e _1 E 



xi (fc) + x 2 (k) + lim inf Re E 

efO 



e« x ^v»(-((AX s ,y))) ds 



Using dominated convergence (recall r„), we obtain 

E[X tATntl (k) + X tATnj2 (k)] 

< xi(k) +x 2 (k) + Re (~E 

< xi{k) + x 2 {k) + 2E 



From (|4.10p . we get 



tAr„ 



(-«.4X s ,y») 



o 

*At„ 



(^X Sil (A;) + ^X S;2 (fc)) 



< xi(k) + x 2 (k) + 2nMt < oo. 



E[X tATntl (k) + X tATnt2 {k)] 

< xx{k) + x 2 (k) +E 



A(X sATnil + X sATna )(k) ds 



Since both side are finite by (I4.10p . standard arguments yield 

E [X tATntl (k) + X tATn>2 (k)] < S t (xx + x 2 )(k) for all t > and n S 
Letting n — *■ oo and using Fatou's lemma, we obtain 

E[X M (fc)+X t)2 (fc)] < S t (x!+x 2 )(fc). 



(4.7) 



(4.8) 



(4.9) 



(4.10) 
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This finishes the proof of (i). 

(ii) We have to show that the local martingale 

M*' v = H{X t ,y)-H{x,y)- f ((AX s ,y)) H(X s ,y)ds 

Jo 

is in fact a martingale. The argument is similar as in the proof of Lemma l3.13l Therefore, we omit the details. □ 

Corollary 4.4 Let Xq £ L^' B and X be a solution to the martingale problem \MP\\) and let <j> £ L^,. Then 
for all t > and i — 1,2, we have 

E[(X tti ,<t>)] < (S t (x 1 +x 2 ),<t>) < e Mt (x 1 +x 2 ,<f>) < oo. (4.11) 

Proof. The first inequality is a consequence of the previous lemma, the second is due to (|1 . 1 lj) and the third 
is due to the very definition of L^, . □ 

Corollary 4.5 Let Xq = x £ L /3, - E and X be a solution to HI. 30]) . Then X is a solution to the martingale 
problem IMP\\) with Xq — x. 

Proof. By Ito's formula (see (|3.3ip . (|3.32p in the proof of Lemma r3.13|) we get that X is a solution to the local 
martingale problem flMPil ). Then by Lemma f4. 3lf ii) we get that it is also a solution to the martingale problem 
(HE}. □ 

By definition, for any x £ h 13 ^ and any solution X of the martingale problem QMPiD with Xq = x, the process 
M x ' v is a martingale for any y £ h^' E . The L 1 estimates we have just established enable us to show that this 
is true even for y £ L^ £ . 

Lemma 4.6 For any x £ L/ 3 ^, any solution X of \MPi\j with X — x and any y £ L^, £ , the process M x ' y is 
a martingale. 



Proof. The proof is similar to Step 2 of Proposition 14.21 For the key estimate of (|4. 6[) , here we employ 
Corollary 14.41 instead of Lemma 13. 101 We omit the details. □ 

Proposition 4.7 (Duality) Let Yq = y £ L^ ,£ and let Y £ D^.e be a solution to the martingale problem 
(MP\ ). Let Xq — x £ L^' B and let X £ D^p.e be an a solution to the martingale problem which is 



independent of Y . Then X and Y are dual with respect to the function H : 

E[H(X t ,Y )]=E[H{X ,Y t )] for all t > 0. (4.12) 
Proof. Fix t > 0. For r, s £ [0, t] define 

f(s,r) = E[H{X s ,Y r )] and 

g(s,r) - E[((AX s ,Y r ))H(X Sl Y r )] = E[{{X s ,A*Y r ))H{X s ,Y r )]. 
By ((476]) and Corollary [4~4l we get 



E[|M;^|] < 2 + Me Mt -E[\\X sA +X s , 2 \\ p ]J2 



yi(k)+y 2 (k) 



< 2 + 2Me^)||x 1+ x 2 ||^ ^ (fc) +f (fc) < oo. 
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Hence we can compute 

/( S ,r)-/( S ,0)- r 9 (s,u)du = E[M*' Xs ' y ] 

Jo (4.1d J 

= E[E[M r *' Xs ^ \X S ]] = 
since M*' x " v is a martingale with Mq' X " v = 0. Similarly, we get 

/(s,r)-/(0,r)- ^ g(u,r)du = E[M^ ,Yr ] = 0. (4.14) 
Jo 

Using the same estimates for E[((.AX S , 3^.))] , we obtain 

/ / s)|drds < oo. (4-15) 
Jo Jo 

By P~T3"]) . (H?HD, P~T5)) and Lemma 4.4.10 of )EK86j (with their /i and f 2 both equal to our g), we get 

/(0,t)=/(t,0). □ 



Proof of Proposition [47T1 Step 1 (One-dimensional distributions). Let x £ L' 3 ^ and let X, X' S 

D h /3,E be two solutions to the martingale problem QMPiD with = X' Q = x. Let y £ L/ ,£; and let 7 be a 



solution to (MP| I with Yq = y. By Proposition [471 we have 

E[H(X t ,y)] = E[H(X ,Y t )] = ¥.[H{X' t ,y)] for all t > 0. (4.16) 

By Corollary 2.4 of [KM08 , the family {H( • ,y), y 6 L' ,f; } is measure determining, hence the one-dimensional 
marginals of X and X' coincide. 

Step 2 (Finite-dimensional distributions). Now we use a version of the well-known theorem claiming 
that "uniqueness of one-dimensional distributions for solutions to a martingale problem implies uniqueness of 
finite-dimensional distributions". More precisely, denote by Tt = cr{X s , s < t) the er-algebra generated by X s , 
s < t. Note that (JJ' E , \\ • \\p) is a separable Banach space. Hence there exists a regular conditional probability 
Q s = P[(X s+t )t>o G • | Fa]. Arguing as in [B97, Corollary VI. 2. 2], we see that for almost all ui, under Q s the 
canonical process is a solution to flMPil ) started in X s . 

Now we may argue as in the proof of Theorem VI.3.2 in |B97j to get uniqueness of the finite-dimensional 
distributions of X. 

Step 3 (Measurability). For the proof of the existence of a solution to flMPil ) we employed a two stage 
approximation procedure: We constructed processes X m ' n with finitely many jumps from a given noise, showed 
that as n — ► oo the processes converge almost surely to some process X m and finally established the existence of 
a convergent subsequence of X m . Let us denote the corresponding laws (with initial point x) by P™' n , P™ and 
P x . By the very construction of X m ' n it is clear that x i— > P™> n is measurable. Hence also the limit x i— > P m 
is measurable. By the uniqueness that we have established in Step 2, we infer that P™ — > P x as m — > oo (not 
only along a subsequence). Hence a; i— > Px is measurable. □ 



Proof of Theorems 11.11 and 13.11 Theorems II. If a) and 13.11 follow immediately from Propositions 13.21 and 
14.11 Theorem II. If b) follows from Lemma WM 

In order to show the strong Markov property of Theorem ll.lf c). by [EK86, Theorem 4.4.2], it is enough to 
show that the martingale problem QMPiD is well-posed not only for deterministic points x S L^' B , but also 
for probability measures /i £ A4i(L@' E ). The problem is, of course, that for X$ ~ /j, and y £ h^ E , in general 
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the process M x °' y is not well-defined, as the integrand ((AX S , y))H(X s , y) is unbounded. Hence, we propose a 
slight modification of QMPiD and assume that y £ h^ E ' ++ , where 

^ P of' ++ ■= {V : 3c < oo with 

c- l p{k) < yi{k) < c/3{k)Vi = 1,2, fee S} c Lgf . 

Recall that ||^it||/3 < A/|M|/3 for all it G ([0, oo) 2 ) s . Hence for all y S L^ B ^++, the map L/ 3 ^ ->C,ih 
((-4a;, y))H(x, y) is bounded. Hence for y € L^ B:++ , the process M x °' y is well-defined, and we say that Xq as a 
solution to the martingale problem (MP') if M 0,v is a martingale for all y S L^ B ' ++ . Arguing as in the proof 
of Proposition ^. 71 we get the duality 

E[H(X t ,y)]=-E[H(X ,Y t )] for all y G L& B '++ (4.17) 

Note that L^ £ - ++ C is dense. Hence (l4T7|) determines the distribution of A t . By |EK86l Theorem 

4.4.2(a)], we infer uniqueness of the finite-dimensional distributions and hence of the solution to (MP'). Hence 
Pfi := J [i{dx) P x is the unique distribution of any solution to (MP') with Xq ~ //. That is, the martingale 
(MP') is well-posed and hence by [EK86, Theorem 4.4.2], {P x ) x ei J i 3 - E possesses the strong Markov property. □ 

5 Proof of Theorem 11.21 

First we will show the weak uniqueness for p.30[) . Let X be any solution to (|1.30[) with X = x E hP' E . Then 
by Corollary |4.5l we get that X is also a solution to the martingale problem QMPJ . However, by Theorem 1 1.1[ 
the solution to QMPiD is unique in law. Hence also the solution to p.30[) is unique in law. 
Now we will show the existence of (X, Ao) solving (|1.30|) . Let X be the unique in law solution to the martingale 
problem flMPiD . By Lemma \3. 1 II and Theorem 13. II we get that since X is a unique solution to (MP)i, then it 
can be constructed in a way that it also satisfies (|3.24|) . Moreover if we define the point process Af by 

M A ({k},dt,A)= f 1a\{o} (J(Vi X t _{k))) j\f({k}, dt, dy), A C M 2 , 

JE 

it is easy to get that in fact X solves (jl -30[) with 

M :=N-N'. 

To finish the proof of Theorem 1 1.21 we have just to show that there exists the Poisson point process (PPP) Ao 
on S x R + x K + x E with intensity measure 

A"q = i s <£> A <g> A «) v, (5.1) 

such that M is given by (|1.28p . 

The construction of such Ao is rather standard, but we present it here for the sake of completion. 

Let (k n ,t n ,x n ) n >i be arbitrary labeling of the points of the point process A". Let Af 1 be a Poisson point process 

onSx R + x K + x E independent of N and X. Also let {U n } n >i be a sequence of independent random variables 

uniform on (0, 1) which are also independent of Af and X. 

Define the new point process Ao on 5 x R + x M. + x E by 

Afo(dk, dt, dr, dx) 

= X! S (k n ,t n ,u n i trl (i„),x„) {dk, dt, dr, dx) + l{ r >i tn (k^N 1 (dk, dt, dr, dx) 
n>l 

Note that by definition 

Af{{k},dt,dx) = Ao ({k}, dt, [0, I t (l)] , dx) . (5.2) 
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Hence we have just to show that Afo(dk, dt, dr, dx) is a Poisson point process onSx R + x M + x E with intensity 
measure given by (|5.ip . This and (|5.2p will finish the proof of the theorem. 

Let / be an arbitrary non-negative measurable test function on S x R + x K + x E with compact support. Then 



E 



U n I tn (k n ),x n )) 



E 



E 



E 

E' 1 



JO JB 



.fees 



/ (k,t,rl t (k), x) v{dx)dtdr 



f (k, t, r, x) v{dx) dt dr 



{r<I t (k)} 

o Jo Je 



Next we get 



E 



E 

.fees 



OO />00 



JO JE 



f (k, t, r, x) l {r>/t ( fc ) } 7V 1 (dfc, dt, dr, dx) 



E 



E 

Ikes 



4r>/ t (fc)} 



JE 



f (k, i, r, x) v{dx) dt dr 



By summing (|5.3|) . (|5.4|) we get 



E 



E 



fees 



OO /"OO 



JO JE 



f (k, t, r, x)J\To{dk, dt, dr, dx) 



E 



E 

.fees 



oo />oo 



Jo « 



/ (k, t, r, x)) v(dx) dt dr 



(5.3) 



(5.4) 



Since / was arbitrary we conclude that Afa is the Poisson point process with intensity measure (|5.ip and we are 
done by ([521) • □ 



6 Proof of Theorem 11.41 

Recall that Y 1 solves the following system of equations 

Y^ i (k)=y , i (k) + f t AY2 1 (k)d s + [ 7 1 /V(F^(fc))dW s , < (fc), 
Jo Jo 

First of all we will get the uniform integrability condition on Y~* , i — 1,2. 

Lemma 6.1 For any T > 0, p 6 (0, 2) and i = 1,2, we have 



supE 

7>0 



snp(Y t r,P) p 

t<T 



< OO. 



ooieS. 



(6.1) 
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Proof. By simple stochastic calculus 



- tM (Y t r , (i) = (Y Q r ,13)+ I ((AY s r , p) - m(y?. ,0)) ds 

Jo 

+ E ^ /' e- sM 7 1/2 ^(i7(fc)) dW Sti (k) 
fees Jo 

< {Y Q l,f3)+J2m f e~ sM l 1/2 a{Y?{k))dW s ^{k) 



(6.2) 



fees 

where the second inequality follows by (|1.10p and Bi, i — 1,2, are independent Brownian motions. Hence we 
get that the pair 

(e- iM (Y^,P),e- tM (Y^ 2 ,P)) 
is stochastically bounded by the time-changed planar Brownian motion B starting at 

and evolving until the stopping time 

t = in£{t > : B t ,iB t , 2 = 0}. 
For p£ (1, 2), by Doob's inequality, we have 



sup(B tjl ) 



(6.3) 



The (p/2)th moment of the exit time of planar Brownian motion from a quadrant is finite if and only if p < 2 
(see, e.g., |Bur771 Equation (3.8)] with a = tt/2). Hence, using Burkholder's inequality, we get 



Ki < oo. 

We can get (|6.4[) also by an explicit estimate using the density of the distribution of B T from p. 231) : 



(6.4) 



E[(B T ,0 P ] < \u 2 -v 2 \ 



2 /2 2*»/ 2 M p/2 



cos(p7r/4) 



This immediately implies that 



E 



su P (y^,/3)p 



t<T 



< e MT Ki < oo for all i = 1,2, 



uniformly in 7 > 0. 

Lemma 6.2 TTie family (Y~ / ) 1 >o is tight in Djji.e equipped with Meyer-Zheng topology. 



(6.5) 

□ 



Proof. The process M~*(k) defined by 



ML - ^ 



Y?m-Y ,i(k)- / AY? Ah) da 



is a martingale. In order to show tightness of (F 7 ) 7 >o, it is enough to show tightness of (Fj 7 (fc)) 7 >o for all 
fceS and i = l,2. By Lemma UTT] the random variable (Y^ , (3) has p-th moment for any p G (0, 2), hence we 
immediately get the tightness of 

* AY? Ah) da. 
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By Theorem 4 Remark 2 of [MZ84 , in order to get the tightness of the martingale M^Ak) it is enough to show 
that 




t<T 



is bounded uniformly in n for any T > 0. However, 



\M?.(k)\<\Y t l(k)\ + \ Xl (k)\ + / AY s r( k )d s 



(6.7) 



and l|6.6p again follows immediately by boundedness of p-th moments (for p < 2) of (Y^ , 0), 



□ 



Lemma 6.3 Let X be an arbitrary limit point of (Y 7 ) 7 >o- Then X solves the martingale problem (MPi[ ). 



Proof. Let 7„ — > oo be such that Y ln converges to X as n — > oo. By Ito's formula, for z e L^^ 2 (recall (|1.18|> ). 
the process M 1 ^'* defined by 



Jo 

is a martingale. Since (y r ")„ e N converges to X, the right hand side of (|6.8p converges to M v ' z . As the p-th 
moments (F t 7 , /3) (for p £ (0, 2)) are uniformly bounded (in 7), also the p-th. moments of M 7,y,z are uniformly 
bounded. By [MZ841 Theorem 11], we infer that M x ' z — linin^oo M ln ' x ' z is a martingale. In other words, X 
is a [0, oo) 2 -valued solution to the martingale problem flMPiD . It remains to show that X t E E for all t > 0, 
k 6 S. Recall that we derived the tightness of the martingales M^' v ' z (k). But this implies that the quadratic 
variation of M^ ,v,z (k) is stochastically bounded uniformly in 7; that is, 




(6.8) 




is uniformly bounded in 7. Since 7, 



n 



00, this implies 




By Assumption II. 3f ii) and (|6.5|) . this implies 




On the other hand, we have 




hence 




Thus 



X S!l (k)X St2 (k) =0, 

for almost every s. Since the limiting process X is cadlag, we have X t G E s for all t > almost surely. 
The above lemma finishes the proof of Theorem 11.41 



□ 
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